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It is shown that the interplay of long-range disorder and in-plane magnetic field gives rise to an
out-of-plane spin polarization and a finite spin Hall conductivity of the two-dimensional electron gas
in the presence of Rashba spin-orbit coupling. A key aspect is provided by the electric-field induced
in-plane spin polarization. Our results are obtained first in the clean limit where the spin-orbit
splitting is much larger than the disorder broadening of the energy levels via the diagrammatic
evaluation of the Kubo-formula. Then the results are shown to hold in the full range of the disorder
parameter αpF τ by means of the quasiclassical Green function technique.
It is well established that the peculiar linear-in-
momentum dependence of the Rashba (and of Dres-
selhaus) spin-orbit coupling leads in a two-dimensional
electron gas (2DEG) to the vanishing of the spin Hall
conductivity[1, 2, 3, 4]. This can be directly recognized
by considering the continuity-like equation for the in-
plane spin polarization, where the spin-nonconserving
terms can be written as the spin current associated to
the out-of-plane spin polarization and to the spin Hall
effect[5, 6, 7]. In this paper, we show that the inter-
play of an in-plane magnetic field, B, taken parallel to
the electric field, E , (say along the eˆx axis) and long-
range disorder changes this behavior providing then a
potential handle on the spin Hall effect. In particular,
we show that while the out-of-plane spin polarization is
linear in the magnetic field, the spin Hall conductivity
is quadratic. Our analysis is valid in the standard good
metallic regime F τ/~  1 with spin-orbit effects taken
into account to first order in α/vF . Here α and τ are
the spin-orbit coupling and the elastic quasiparticle life-
time due to impurity scattering, respectively, while vF ,
pF and F = vF pF /2 are the parameters of the 2DEG in
the absence of spin-orbit coupling.
Our proposal of a magnetic field-induced spin Hall ef-
fect differs from related previous suggestions both for
the analytical treatment of it[8] and for the microscopic
mechanism responsible of the effect[9]. The difference
of our proposal with respect to Ref.[9] is closely related
to the electric field-induced in-plane spin polarization,
which for short-range disorder scattering is given by [10]
sy = −N0α|e|Exτ. (1)
In Eq.(1) N0 = m/(2pi) is the free density of states of the
2DEG in the absence of spin-orbit interaction. Contrary
to what one could expect, the generalization of Eq.(1) for
long-range disorder, as we will show later, is not the re-
placement of the elastic quasiparticle lifetime τ with the
transport time, τtr, as it has been assumed in Ref.[9]. We
find then that long-range disorder leads to a non-trivial
modification of the effective Bloch equations and even-
tually yields out-of-plane spin polarization and spin Hall
effect. In contrast to Ref.[9] we do not have to assume
a non-parabolicity of the energy bands or an energy de-
pendence of the scattering probability.
Our analysis is carried out in two steps. In the first
step, we calculate the out-of-plane spin polarization using
the diagrammatic approach of Ref.[3], valid in the clean
limit when the spin-orbit splitting is much larger than
the disorder-induced broadening, 2αpF  τ−1. In order
to make contact with the analysis of Ref.[9] performed in
the opposite dirty limit (αpF  τ−1), we present, in the
second step, a derivation based on the Eilenberger equa-
tion for the quasiclassical Green function in the presence
of spin-orbit coupling[11]. The advantage of so doing is
that the analysis is valid for an arbitrary value of the pa-
rameter 2αpF τ and also allows to determine the effective
Bloch equations for the spin density.
The Hamiltonian of a 2DEG perpendicular to the eˆz-
axis reads
H =
p2
2m
+ b(p) · σ + V (x) (2)
where b(p) = αp × eˆz − ωseˆx is the effective magnetic
field including both the Rashba spin-orbit coupling and
the external magnetic field. In Eq.(2), V (x) describes the
potential scattering from the impurities and, according to
the established procedure in the literature, will be taken
as a random variable.
The possibility of a non-vanishing spin Hall conductiv-
ity in the presence of an in-plane field may be appreciated
by considering the equation of motion for the eˆy-axis (in-
plane) spin polarization, which yields
∂sy
∂t
+
∂
∂x
· jys = −2mαjzs,y + 2ωssz, (3)
where jis,γ is the eˆγ-axis component of the spin current
that is polarized along the eˆi-axis. Under stationary and
uniform conditions, the above equation implies, in the
absence of the magnetic field, a vanishing spin current
and hence a vanishing spin Hall conductivity, with the
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2FIG. 1: Diagrams to be evaluated in zeroth and first order
in the magnetic field. The dashed line ending with a cross
indicates the magnetic field insertion. Under impurity average
the (spin density and charge current) vertices are dressed by
the standard ladder resummation.
latter defined by jzs,y = σs,HEx. In the presence of an
in-plane magnetic field one may have a bulk spin Hall
current determined by
jzs,y =
ωs
αm
sz. (4)
In the following we evaluate sz to first order in the mag-
netic field which implies that of jzs,y to second order.
As anticipated, we begin by sketching the calculation
performed with the diagrammatic approach. To linear
order in the electric field, the Kubo formula for the zero-
temperature expression of the out-of-plane spin polariza-
tion reads
sz = − 12pi
∑
p
Trσ
[
szGR(p)jxcGA(p)
]
|e|Ex, (5)
where the Green functions can be obtained from Eq.(2),
the vertices are sz = (1/2)σz, jxc = (px/m)σ0−ασy, and
the trace is over the associated spin indices. In Eq.(5),
the bar indicates the average over the impurity potential,
which, at the level of the self-consistent Born approxima-
tion, yields the self-energy
ΣR,A(p) =
∑
p′
|V (p− p′)|2GR,A(p′), (6)
|V (q)|2 being the Fourier transform of V (x)V (x′). In
order to consider the effect of long-range disorder, we
expand the above scattering probability as
|V |2 = V0+2V1 cos(ϕ−ϕ′)+2V2 cos(2ϕ−2ϕ′)+· · · , (7)
where ϕ−ϕ′ is the angle between the two momenta p and
p′. The harmonics, V0, V1, V2 are functions of |p| and
|p′|. In the following we will ignore this dependence[12]
and take both momenta at pF . To first order in the
magnetic field the diagrams to be evaluated are shown in
Fig.1. Notice that all the vertices and propagators ap-
pearing in the diagrams must be evaluated at zero mag-
netic field. It is then convenient, following Ref.[3], to use
the disorder-free Hamiltonian eigenstates
|p±〉 = 1√
2
(±i exp(−iϕ)|p ↑〉+ |p ↓〉) (8)
corresponding to the eigenvalues E± = p2/2m±αp with
tan(ϕ) = py/px. In terms of the transformation matrix,
U , defined by Eq.(8), the Pauli matrices transform as
UσxU
† = pˆyσz + pˆxσy
UσyU
† = −pˆxσz + pˆyσy
UσzU
† = −σx
,
pˆx ≡ cos(ϕ)
pˆy ≡ sin(ϕ) . (9)
As a consequence the spin density vertex, the magnetic
field insertion and the charge current vertex become
UszU
† = −1
2
σx, (10)
U(−ωsσx)U† = −ωs(pˆyσz + pˆxσy), (11)
UjxcU
† =
( p
m
σ0 + ασz
)
pˆx − σypˆy. (12)
Upon impurity averaging the spin and charge vertices get
renormalized. In terms of the renormalized quantities,
Eq.(5) becomes to first order in the Zeeman field
sz = −iωs |e|Ex4pi
µ=±∑
p
pˆxµ(Γµµ¯GRµ¯ − Γµ¯µGAµ¯ )GRµGAµJc,µµ,
(13)
where the first (second) term in the brakets refers to the
magnetic field insertion in the top (bottom) Green func-
tion line and µ = ± labels the eigenstates. The quantities
Γµµ′ and Jc,µµ′ are the dressed vertices corresponding to
sz and jxc , respectively, and the Green functions are eval-
uated via the self-energy given in Eq.(6). Apart from
the spin vertex Γµµ′ , all the other quantities have been
evaluated in Ref.[3], where it has been shown that the
off-diagonal matrix element Jc,µµ¯ vanishes and the self-
energy is diagonal in the eigenstate basis with
ΣR(A)± =
−(+)i
2τ±
, τ± = τ
(
1± V1
V0
α
vF
)
,
1
τ
= 2piN0V0.
(14)
The spin vertex obeys the equation
Γµµ¯ = 1 +
ν=±µ∑
p′
Γνν¯GRν¯ G
A
ν |V |2
1 + µν cos(ϕ− ϕ′)
2
, (15)
which yields
Γµµ¯ = 1 +
iµ
2αpF τ
V1
V0
. (16)
By using GRµG
A
µ = iτµ(G
R
µ − GAµ ), integrating over the
energy, ξ = p2/2m − µ, and keeping terms up to order
α/vF , Eq.(13) becomes
sz = −|e|Ex ωs8α2τ
(
1− V1
V0
)∑
µ=±
µ
NµJµτµ
p2µ
, (17)
where N± = N0(1 ∓ α/vF ), p± = pF (1 ∓ α/vF ) are
the density of states and the Fermi momentum of the
3two spin subbands and J±±(p±) = J±pˆx are the Fermi-
surface expressions of the charge vertices. Finally, bor-
rowing from Ref.[3] the expression for the vertices
J± = vF
(
V0
V0 − V1 ∓
α
vF
V0 + V2
V0 − V2
)
, (18)
one gets the out-of-plane spin polarization
sz = −12 |e|Ex
ωs
αpF
N0
pF
V1 − V2
V0 − V2 (19)
and, via Eq.(4), the spin Hall conductivity
σsH = − |e|4pi
(
ωs
αpF
)2
V1 − V2
V0 − V2 . (20)
Remarkably the above central result shows that the sign
of the spin Hall conductivity depends on the relative
strength of the harmonics of the scattering probability.
This may explain the sign change in the numerical evalua-
tion of Ref.[8]. On the other hand, Eq.(19) is inconsistent
with Ref.[9], where for the disorder model of Eq.(7) one
would expect a vanishing out-of-plane polarization.
Recall that we derived Eqs.(19) and (20) in the clean
limit. We now rederive the above results by means of
the kinetic equations approach of Ref.[11] and find that
Eqs.(19) and (20) are valid for all values of the disorder
parameter αpF τ . Furthermore we will derive the effective
Bloch equations in the dirty limit. We start with the
Eilenberger equation
∂tgˇ = −12
∑
µ=±
{pµ
m
+
∂
∂p
(bµ · σ), ∂
∂x
gˇµ
}
− i
∑
µ=±
[bµ · σ, gˇµ]− i
[
Σˇ, gˇ
]
(21)
for the quasiclassical Green function (gˇ ≡ gˇt1t2(pˆ;x))
gˇ =
i
pi
∫
dξ Gˇt1t2(p,x), Gˇ =
(
GR G
0 GA
)
(22)
where Gˇt1t2(p,x) is the Wigner representation of the
Green function, which has both matrix structure in the
Keldysh (denoted by the check symbol) and spin spaces.
[, ] and {, } indicate commutator and anticommutator.
As for the diagrammatic approach, the index µ = ± la-
bels the two spin subbands (b± = b(p±)). In integra-
tions like in Eq.(22) the corresponding poles in the Green
functions yield the two-component decomposition of the
quasiclassical Green function
gˇ± =
1
2
{1
2
(1± bˆ0 · σ), gˇ
}
. (23)
The ”0” subscript denotes evaluation at the Fermi surface
in the absence of spin-orbit coupling. In the following we
are going to use Eq.(21) to first order in the parame-
ter |b0|/F . The connection to the physical observables
is made by integrating over the energy , which is the
Fourier conjugated variable of the time difference t1− t2.
For instance, the out-of-plane spin density is given by the
angular average of the Keldysh component[13]
sz = seqz −
N0
8
∫
d〈Tr(σzg)〉, 〈...〉 ≡
∫ 2pi
0
dφ
2pi
... . (24)
In order to solve, to linear order in the electric field, the
Keldysh component of the Eilenberger equation (21), we
use the minimal substitution ∂xg → −|e|Exeˆx∂geq where
geq = tanh(/2T )(gReq−gAeq) with gReq = −gAeq = 1−∂ξb0·σ
is the equilibrium quasiclassical Green function. As in
the diagrammatic treatment previously developed, we
find it convenient to transform the equations to the eigen-
state basis via Eq.(9). After expressing the quasiclassical
Green function as a four-dimensional column vector
g˜ = UgU† = g˜0σ0 + g˜ · σ →
(
g˜0 g˜3 g˜1 g˜2
)t
, (25)
the Eilenberger equation (21) can be then written as a
linear system of four equations for the components of g˜
∂tg˜ = −1
τ
(M0 +M1)g˜+
1
τ
(1 +N)〈Kg˜〉+ S0 + S1, (26)
where,
N = − α
vF

0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 0
 (27)
M0 = 1 +
V1
V0
N + 2αpF τ

0 0 0 0
0 0 0 0
0 0 0 1
0 0 −1 0
 (28)
M1 = 2ωsτ

0 0 0 0
0 0 −pˆx 0
α
vF
pˆx pˆx 0 −pˆy
0 0 pˆy 0
 . (29)
In Eq.(26), 〈...〉 denotes angle integration over ϕ′ with
the scattering kernel that can be expandend into angular
harmonics as
K(ϕ−ϕ′) = K(0)+cos(ϕ−ϕ′)K(a)+sin(ϕ−ϕ′)K(b)+· · ·
(30)
each coefficient being itself a matrix
K(0) =

1 0 0 0
0 V1V0 0 0
0 0 1 0
0 0 0 V1V0
 ,K(b) = V0 − V2V0

0 0 0 0
0 0 0 1
0 0 0 0
0 −1 0 0

and
K(a) =
1
V0

2V1 0 0 0
0 V0 + V2 0 0
0 0 2V1 0
0 0 0 V0 + V2
 .
4Finally the source electric-field dependent terms are
S0 = E

pˆx
− αvF pˆx
0
− αvF pˆy
 , S1 = ωsvF pF E

0
pˆxpˆy
0
pˆ2x
 ,
with E = |e|ExvF∂(2 tanh(/2T )). Notice that, consis-
tently with the accuracy we are working, one may use
for the charge density component the solution obtained
in the absence of both spin-orbit coupling and magnetic
field
jc,x ∼ 〈pˆxg˜(0)0 〉 =
1
2
V0
V0 − V1 τE, (31)
where the characteristic transport time renormalization
τtr = τV0/(V0 − V1) appears. We seek now a stationary
solution of Eq.(26) which is evaluated in first order in the
magnetic field g˜ = g˜(0) + g˜(1) + . . . . We then get
〈g˜(1)〉 = (M0 −K(0))−1(τ〈S1〉 − 〈M1g˜(0)〉). (32)
According to the transformation of Eq.(10), the out-of-
plane spin polarization is related to
sz ∼ 〈g˜(1)1 〉 = −
ωs
2αpF
(
1
vF pF
E +
1
αpF τ
V0 − V1
V0
〈pˆxg˜(0)3 〉
)
,
(33)
which is expressed in terms of 〈pˆxg˜3〉 evaluated at zero
magnetic field. This latter quantity is nothing but the in-
plane spin polarization (cf. the second line of Eq.(9)). By
multiplying the second component of the system Eq.(26)
by pˆx and performing the angle average, one obtains the
generalization, for long-range disorder, of the Edelstein
result[10]
sy ∼ 〈pˆxg˜(0)3 〉 = −
α
vF
V0
V0 − V2 τE. (34)
Finally, by using Eqs.(33,34) into Eq.(24) one recovers
the result (19) of the diagrammatic approach, which is
now manifestly valid for any strength of the disorder. To
understand the meaning of Eq.(34), it is useful to recall
the origin of the in-plane polarization[10]: In the pres-
ence of an electric field the Fermi surface is shifted by
δpx ∼ |e|Exτ . As a result the total spin of the electrons
neither in the plus nor in the minus band adds up to zero.
Although the contributions of both bands tend to cancel,
a finite spin polarization remains due to the α/vF cor-
rections in the density of states. For long-range disorder,
the Fermi surface shift is proportional to the transport
time τtr, so one might expect the transport time also
in the in-plane spin polarization. However due to the
α/vF corrections each band has its own effective trans-
port time, τtr,± ≡ J±τ±/vF and the explicit result reads
(s0 = αN0|e|Exτ)
sy =
vF
4
(N+τtr,+ −N−τtr,−)|e|Ex = − V0
V0 − V2 s0. (35)
At last we study the combined effect of magnetic and
electric field in the diffusive regime, ωsτ, αpF τ  1.
The effective Bloch equations for the spin density are
∂tsx = −τ−1s (sx − seqx ) (36)
∂tsy = −τ−1s
[
sy + s0V0/(V0 − V2)−1
]
+ 2ωssz (37)
∂tsz = −2τ−1s sz − 2ωs [sy + s0τtr/τ ] , (38)
where τ−1s = 2(αpF )
2τtr and seqx = N0ωs. Eqs.(36) and
(38) agree with what was found in Ref.[9], the only dif-
ference is in the term proportional to the electric field
(i.e. s0) in Eq.(37). The stationary spin polarization as
a function of magnetic field is now determined as
sy = − V0 s0
V0 − V2
1 + 2ω2sτ
2
s (V0 − V2)(V0 − V1)−1
1 + 2ω2sτ2s
(39)
sz = − V0 s0
V0 − V2
V1 − V2
V0 − V1
ωsτs
1 + 2ω2sτ2s
(40)
showing an out-out-plane contribution as observed ex-
perimentally in Ref.[14].
In conclusion, we have shown that the combined effect
of an in-plane magnetic field, long-range disorder and
spin-orbit coupling gives rise to an out-of-plane spin po-
larization and finite spin Hall conductivity, whose value
does not depend on the concentration of defects as long
as the 2DEG is in the metallic regime. To obtain the
correct value of the electric-field induced in-plane spin
polarization it is essential to take into account the differ-
ent transport times in the two spin-orbit splitted bands.
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